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Abstract—Many approaches have been studied for the direc-
tion of arrival (DOA) estimation of distributed sources under
the additive Gaussian noise environments, but these schemes
typically perform poorly when the noise is modeled as an alpha-
stable distribution. Inspired by the Hampel identifier, this paper
extends the definition of correntropy that exhibits a ‘robust
statistics’ property under the impulsive noise environments to
propose a novel generalized auto-correntropy (GCO) operator.
For improving the performance of GCO, an adaptive kernel size
function is deduced for symmetric alpha-stable (SαS) distributed
random variables. Since the adaptive kernel size function does
not require any empirical parameter of the impinging signals, it
is particularly suitable for cases of practical interest. Based on
the advantage of GCO operator, a distributed sources parameter
estimator (DSPE) like algorithm is proposed for the DOA esti-
mation of coherently distributed (CD) sources in the presence of
impulsive noise. Comprehensive simulation results show that the
proposed algorithm precedes the existing algorithms concerning
estimation accuracy and probability of resolution, especially
under the highly impulsive noise environments.

Keywords—Alpha-stable distribution; Coherently distributed
sources; DOA estimation; Hampel identifier; Correntropy; DSPE.

I. INTRODUCTION

Numerous studies on direction of arrival (DOA) estimation
have indicated that the scholars of the academe and industry
have paid more attention to it [1]. However, most of them
assume that the target sources are points. For these point
sources, due to the wide-band sources, sensor position error,
etc., the algorithm estimated steering vector does not match
the steering vector of the actual sources, which will cause the
model error. In [2, 3], the performance of the DOA estimation
methods of the modeling error, which is modeled as random
distortions on the steering vector, is analyzed.

Among the subspace-based DOA estimation algorithms,
the multiple signal classification (MUSIC) [4–6] is famous for
its supper resolution under the assumption of point sources.
However, in practice, the angular dispersion of the sources can
even reach 10◦, for example, multipath propagation and mobile
channel communication [7]. In this case, the source can no
longer be regarded as a point because it has the central angle
and the angular spread, but is treated as a spatially distributed
source.

The models for distributed sources contain two types:
incoherently distributed (ID) sources and coherently distributed
(CD) sources. For ID sources, we consider the signals, which
come from different points of the same distributed source,
are uncorrelated. However, in CD sources case, the received
signal components are scaled replicas and delayed from dif-
ferent points of the same source [8]. In CD sources case,
some DOA estimation algorithms have been proposed [9–
11]. Since the angular dispersion mismatches between the
actual steering vector and the estimated steering vector of the
sources, the performance of MUSIC is significantly reduced.
To solve the central DOA estimation problem of CD sources,
a generalized MUSIC algorithm, namely distributed sources
parameter estimator (DSPE), is proposed in [12]. On this basis,
the signal and noise subspaces are extended into the field of
distributed sources. This pseudo-composition is exploited in
other subspace methods, such as WPSF [13] and DISPARE
[14]. Since determining the effective dimension of the pseudo
signal subspace depends on the unknown parameters of the
received data of the array sensors, it becomes the main
difficulty of the distribution source and point source algorithm
based on subspace. Moreover, These algorithms also have high
computational complexity.

Most DOA estimation methods assume that noise is ad-
ditive and subjects to Gaussian distribution, which has finite
second-order statistics. However, studies have shown that
many noises and signals, which are encountered in practical
applications, have been found to be non-Gaussian that may be
either natural or human-made. For instance, the lightning in
the atmosphere, the influence of mountains and sea waves, the
switching transients in power lines and the underwater acoustic
signals [15]. These types of the signals and noises often
cause significant degradation in system performance optimized
under the Gaussian assumption, that is to say, if the statistical
characteristics of the noise deviate from the Gaussian, serious
degradation in performance occurs [16]. Since the probability
density function (pdf) contains heavy tails, the alpha-stable
distribution, in which the heaviness of tails is controlled by a
variable parameter α, provides a more efficient mathematical
tool than the Gaussian distribution to describe the signals and
noises.
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For improving the robustness of the subspace-based DOA
estimation methods, many methods have been proposed to
instead the second-order covariance, for example, the fractional
lower order moments (FLOM) [17], and the phase fractional
lower order moments (PFLOM) [18, 19]. By adopting the shift-
invariant kernel method, new statistics, namely correntropy, is
proposed in [20]. By quantifying the statistical distribution and
temporal structure the two random processes, the correntropy
is able to extract more information than the second-order
moment. Ref. [21] introduces the correntropy into the tradi-
tional covariance matrix; the CRCO algorithm is constructed
to suppress impulsive noise. The correntropy-based unitary
(COBU) MUSIC algorithm is proposed for suppressing im-
pulsive noise and reducing computational cost [22]. In recent
approaches, with `p-norm as the fidelity criterion, a class
of impulsive noise suppression algorithms is proposed. To
overcome the error accumulation and estimation bias of the
two-step method of time delay estimation (TDE), [23] proposes
the `p-norm minimization algorithm. Ref. [24] devises robust
greedy pursuit algorithms that are based on `p-correlation in
the `p-space. On the other hand, to overcome the drawback
of many techniques for matrix completion are not robust to
outliers, the iterative `p-regression and the alternating direction
method of multipliers (ADMM) are derived in [25].

In the paper, we concentrate on passive radio monitoring
and signal source target location with CD sources under the
impulsive noise environments. The main contributions of this
work are summarized as follows:

• Inspired by the Hampel identifier, we define a gen-
eralized auto-correntropy (GCO) operator that can
effectively reduce the impulsive noise of the data
samples. On this basis, this paper proposes a robust
central DOA estimation algorithm for CD sources,
namely GCO-DSPE.

• For the GCO operator, its kernel size of the kernel
function directly affects the suppression of the impul-
sive noise. Furthermore, we deduce an adaptive kernel
size function, which sets the kernel size only through
the array outputs to ensure that GCO-DSPE algorithm
can achieve the best performance under the impulsive
noise environments without the need for other priors.

The organization of this paper is as follows. Section II
gives a brief presentation of some background on the alpha-
stable distributed noise and presents the signal model of CD
sources for the sensor array outputs. By extending correntropy,
a GCO operator for array signal processing in alpha-stable
distributed noise is defined in Section III, and we also analyze
the robustness of GCO operator in impulsive noise. Further,
we propose the GCO-DSPE algorithm and deduce an adaptive
kernel size function for central DOA estimation. Finally,
simulation results for verifying the theoretical results are given
in Section IV, and Section V contains some conclusions.

II. SIGNALS AND MODEL

A. alpha-stable distribution

We can describe the alpha-stable distribution by its char-
acteristic function as follows:

Definition: The distribution function of a random variable is
stable if and only if its characteristic function [16, 22] is
defined by

ϕ(t) = exp {jµu − γ |t|α [1 + jβsign(t)ω(t, α)]} (1)

where
ω(t, α) =

{
tan

(
πα
2

)
2
π log |t |

α , 1
α = 1 (2)

sign(t) =

{ 1
0
−1

t > 0
t = 0
t < 0

(3)

and

0 < α ≤ 2, −1 ≤ β ≤ 1, γ > 0, −∞ < µ < +∞ (4)

Thus, an alpha-stable distribution is determined by the param-
eters: α, β, γ and µ:

• α is called the characteristic exponent that measures
the thickness of the tails of the distribution. If α = 2 or
α = 1, the alpha-stable distribution is degenerated into
the Gaussian distribution or the Cauchy distribution,
respectively.

• β is a symmetry parameter, which determines the
degree and sign of asymmetry. If β = 0, the alpha-
stable distribution is symmetric about µ, then, it is
named symmetric alpha-stable (SαS).

• γ is a dispersion parameter that is similar to the
variance of the Gaussian distribution.

• µ is a location parameter. For SαS distributions, if
0 < α ≤ 1 or 1 < α ≤ 2, µ corresponds to the median
or the mean, respectively.

The alpha-stable distribution holds the generalized central
limit theorem and the stability property. These properties are
the main advantage that SαS can model for the statistical dis-
tribution of uncertainty [16]. The details of the SαS are shown
in [26]. However, under the impulsive noise environments, the
performance of the subspace-based DOA estimation methods
will be significantly degraded because the covariance matrix
of the SαS does not satisfy the boundedness [27].

B. Signal Model and DSPE Algorithm

Consider L uncorrelated narrow-band independent, com-
plex isotropic CD sources with the locations {θ1, θ2, · · · , θL}
impinge on a uniform linear array (ULA). The ULA consists
of M identical omni-directional sensors. We assume that the
delay spread caused by multipath propagation is smaller than
the inverse bandwidth of the signal, so even if there is
scattering, the narrow-band hypothesis is still valid [28]. Using
the complex envelope representation, the signals vector x(t)
received on the sensors can be expressed as

x(t) =
L∑
i=1

∫
θ∈Θ

a (θ)si (θ,ψi) dθ + n (t) (5)

where we have the following:

• si (θ,ψi) is angular signal density of the i-th source,
θ ∈ [−π/2, π/2] is the direction and ψi is the param-
eter vector to be estimated.
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• Θ is the angular field of view.

• n(t) = [n1(t), n2(t), · · · , nM(t)]T is the M × 1 vector of
additive measurement noise.

• a(θ) is the response of the array to the source from
the direction θ.

In CD sources case, angular signal density can be repre-
sented as

si (θ,ψi) = δig (θ,ψi) (6)

where g (θ,ψi) denotes deterministic angular signal density,
and δi denotes a random variable. Thus, we can rewrite the
Eq.(5) as

x (t) =
L∑
i=1

δib (ψi) + n (t) (7)

in which the generalized steering vector of the i-th source,
b (ψi), can be expressed as

b (ψi) =

∫
θ∈Θ

a (θ)g (θ,ψi) dθ (8)

The pdf of angular spread is generally modeled as Gaussian
or uniform distribution; thus, if the pdf follows Gaussian
distribution, it can be expressed as

g (θ,ψi) =
1

√
2πσi

exp

(
−
(θ − θi)

2

2σ2
i

)
(9)

where ψi = (θi, σi), θi and σi are the central DOA and angular
spread of the i-th source, respectively. The corresponding
b (ψi) is given by

b (ψ) =

[
1, exp

(
−
[(2πd/λ)σθ0 cos(θ0)]

2

2 − j 2πd
λ sin(θ0)

)
,

· · · , exp
(
−
[(2πd/λ)(m−1)σθ0 cos(θ0)]

2

2 − j 2πd
λ (m − 1)sin(θ0)

)]
(10)

On the other hand, if the CD source follows a uniform
distribution, the pdf is defined by

g (θ,ψi) =

{ 1
2σi

0
|θ − θi | ≤ σi

|θ − θi | > σi
(11)

Substituting Eq.(11) into Eq.(8), the corresponding b (ψi)

is given by

b (ψ) =

[
1, sin[σθ0 (2d/λ)cos(θ0)]

σθ0 (2d/λ)cos(θ0)
exp

(
−j 2π

λ dsin(θ0)
)
,

· · · ,
sin[(m−1)σθ0 (2d/λ)cos(θ0)]
(m−1)σθ0 (2d/λ)cos(θ0)

exp
(
−j 2π

λ (m − 1)dsin(θ0)
)]

(12)

Let B = [b (ψ1) , b (ψ2) , · · · , b (ψL)] be the matrix of the
column vectors, the covariance matrix of the array received
signal x(t) can be expressed as

R = E
{
x(t)xH (t)

}
= BE

{
s(t)sH (t)

}
B + σ2

nIM

= BΓB + σ2
nIM

(13)

where Γ is the noise-free covariance matrix of CD sources.
If the sources are uncorrelated with each other, Γ will be
diagonal [11] and its (i, j)-th entry is defined as E{δi(t)δj∗(t)}.

By performing singular value decomposition (SVD), the
signal and noise subspaces of the covariance matrix can be
obtained

R = UsΣsU
H
s +UnΣnU

H
n (14)

We can find that for CD sources the signal and noise subspaces
are spanned by the eigenvectors of the signal covariance matrix
Us corresponding to the L largest eigenvalues and noise
covariance matrix Un corresponding to the M − L smallest
eigenvalues, respectively. Thus, the dimension of Σs or the
rank of Γ can be used to estimate the number of sources.

With the deterministic angular signal density g (θ,ψi), the
reciprocal of the spatial spectrum can be expressed as

f (ψ) =
1∫

θ∈Θ

∫
θ′∈Θ

g∗ (θ,ψ)aH (θ)UnU
H
n a(θ ′)g∗ (θ ′,ψ) dθdθ ′

(15)
the unknown parameters of CD sources can be obtained by

ψ̂ = arg max
ψ

1
‖bH (ψ)Un‖

2 (16)

This is called DSPE algorithm. Moreover, in practical appli-
cations, R can be constructed by employed N received data
samples

R̂ =
1
N

N∑
t=1
x(t)xH (t) (17)

In this paper, to simplify the derivation of the expressions
in the equations, we focus on the central DOA estimation,
omitting the angular spread parameters.

III. SUBSPACE-BASED ESTIMATION

A. Hampel identifier and outliers suppression

In practice, the Hampel identifier is effective to detect
and suppress outliers [29–31], so it is often employed to
identify whether the received data contains by impulsive noise
components. We rewrite the data received by the i-th sensor
of ULA:

xi = [xi(1), xi(2), · · · , xi(N)], i = 1, 2, · · · , M (18)

where N is the number of snapshots. Since the received data
containing the impulsive components have a large magnitude,
the modulus of the received data can be used to identify
whether the received data are the outliers. Without loss of
generality, denoting the modulus of the i-th data by |xi( j)|,
we can formulate the Hampel identifier as

ρ [xi( j)] =
{

xi( j) | |xi ( j)| − µ̄i( j)| < ε
0 | |xi ( j)| − µ̄i( j)| ≥ ε

(19)

where µ̄i( j) is the median of xi( j), and ε is the discrimination
threshold.

The median absolute deviation σ̄i( j) is defined by [32]

σ̄i ( j) = 1.4826 ·med {U (|xi ( j)|)} (20)

where med{·} stands for statistical mean, U(|xi( j)|) =
{| |xi( j −W)| − µ̄i( j)|, · · · , | |xi( j +W)| − µ̄i( j)|}, and µ̄i( j) can
be expressed as

µ̄i( j) = med {|xi ( j −W)| , · · · , |xi ( j)| , · · · , |xi ( j +W)|}
(21)
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in which W is the length of the estimation windows. Then, the
suppressed impulsive noise data can be obtained by

x̃i = {ρ[xi(1)], ρ[xi(2)], · · · , ρ[xi(N)]} (22)

In Eq. (19), ε is always defined by ε = $ · σ̄i ( j), where
the threshold $ is usually set between 2 and 5.

B. Correntropy

We assume the received data only contain noises, Eq. (19)
can detect the outliers well and effectively suppress them.
However, for the mixture of both signals and noises received
from the sensor array, when the noises contain impulsive com-
ponents, the Hampel identifier will make the received data to
zero. In this case, not only the outliers are eliminated, but also
the effective signal components are trimmed, this will directly
lead to a decrease in the accuracy of the parameter estimation.
To suppress the impulsive components while retaining the
effective information in the signals, we quote correntropy.

Correntropy, which extends the autocorrelation function
to the non-linear systems analysis [33] and is defined as a
generalized correlation function, not only quantifies the size
and shape of the data samples but also gives information about
the statistical distribution in the feature space [20]. On the
other hand, correntropy includes the higher-order moments of
the pdf of the random processes and is much easier to estimate
than the higher-order moments from data samples [20]. It has
also been extensively employed in some fields such as DOA
estimation [34, 35] and face recognition [36, 37].

Assume X and Y are arbitrary random variables, corren-
tropy is defined by

Vσ(X,Y ) = E [κσ(X − Y )] =
∫
Ω

κσ(x − y)d fσ(x, y) (23)

in which κσ(·) denotes a translation-invariant kernel, fσ(·, ·)
is the joint distribution function. In practical situations,
there is not a know joint pdf, given a set of data
{(x1, y1), · · · , (xN, yN )}, we can obtain the sample estimator
of correntropy by

V̂σ(X,Y ) =
1
N

N∑
n=1

κσ(xn − yn) (24)

In general, the correntropy uses the Gaussian kernel as the
kernel function, it can be defined by

κσ(xn − yn) =
1
√

2πσ
exp

(
−
(xn − yn)

2

2σ2

)
, n = 1, 2, · · · , N

(25)
where σ > 0 is the kernel size. The Silverman’s rule,
kurtosis of signals or maximum-likelihood (ML) can be used
to determine the kernel size.

By using the Gaussian kernel function, we can also con-
struct a Taylor series of correntropy:

Vσ(X,Y ) =
1
√

2πσ

∞∑
n=0

(−1)n

2nn!
E

[
(X − Y )2n

σ2n

]
(26)

which illustrates that all the even-order moments of the random
variable X− Y are included in the correntropy. Furthermore, it

is effective for non-Gaussian array signal processing. From
Eq. (26), another observation is that the correntropy contains
the conventional covariance function and the kernel size σ
determines the suppression effect of impulsive noise [38]. Fur-
ther, compared with conventional moments, the correntropy,
which can be estimated directly from data samples, has lower
computational complexity.

C. Generalized auto-correntropy operator

In Eq. (19), | |xi ( j)| − µ̄i | is used as criteria to identify
whether noise contains outliers. In Eq. (23), xi − yi indicates
the difference between two random variables xi and yi . The
conditions of both xi and yi , which contain impulsive noise,
are shown in TABLE I. For the sake of discussion, we assume
that both xi and yi are positive-valued.

TABLE I: Comparison of two variables

Variable
Outliers

Condition I Condition II Condition III Condition IV

xi Yes Yes No No
yi Yes No Yes No

In TABLE I, Condition II and Condition III illustrate that
only one random variable in xi and yi contains impulsive
components, therefore, the difference between xi and yi is
large, then correntropy can effectively suppress the impulsive
noise; in Condition IV, both random variables xi and yi do
not contain impulsive components. In this case, the parameter
estimation can be performed under the Gaussian assumption.
Condition I displays that both random variables xi and yi
contain impulsive components, then the difference between xi
and yi is small, that is, from Eq. (25), the exponential part of
the Gaussian kernel exp[−(xi − yi)2/(2σ2)] will approach to 1.
Consequently, from the view of impulsive noise suppression,
correntropy may not work well in Condition I.

Based on these analyses, we expand the correntropy as
generalized auto-correntropy (GCO) operator. Consider an
i.i.d. SαS random variable X , the GCO is defined by

Gσ (X) = E
[
κσ

(
|X | − µX

) ]
(27)

where µX can be expressed as

µX =
1
N
‖X ‖pp (28)

In `p-space, the `p-norm of X with 0 < p < 2 can be expressed
as

‖X ‖p =
p

√√
n∑
i=1
|xi |p (29)

Note that ‖X ‖p is a norm only when p ≥ 1. For 0 < p < 1,
its norm interpretation is not appropriate because the triangle
inequality ‖X ‖p + ‖Y ‖p ≥ ‖X + Y ‖p is not held. Nevertheless,
the `p-norm is still referred for 0 < p < 1 in this paper.

The correntropy is constructed by using the Gaussian
kernel [38], but, in fact, not only the Gaussian kernel but also
other symmetric kernels can be used to do. According to our
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previous research, the robustness of the Gaussian kernel to
suppress impulsive noise is inferior to the exponential kernel;
therefore, we employ the exponential kernel to construct the
GCO. The exponential kernel is defined by

κσ(x) = exp
(
−
|x |

2σ2

)
, i = 1, 2, · · · , N (30)

The GCO that is defined in Eq. (27) can be reformulated by
employing the exponential kernel as

Gσ (X) = E

[
exp

(
−

��|X | − µX

��
2σ2

)]
(31)

Consider that the i-th array sensor receives sample data xi ,
which involves signals and impulsive noises, the suppression
of impulsive noise of GCO is shown in Fig. 1. As can be
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Fig. 1: The suppression of impulsive noise

seen from Fig. 1, the GCO operator can suppress the impulsive
components of the noise sufficiently, and effectively preserve
the signals. If the Hampel identifier is employed, the signal at
the location where the impulsive noise occurs will be set to
0. Therefore, by ensuring that the valid data are not lost, the
GCO operator is superior to the Hampel identifier in impulsive
noise immunity.

The SαS distribution without finite variance results in a
significant degradation in the performance of conventional
second-order statistic-based DOA estimation algorithms [39].
In the paper, we propose a novel central DOA estimation
algorithm for CD sources by using the GCO operator as an
adaptive factor to suppress outliers in SαS processes with
1 < α ≤ 2 and make it an excellent substitute for the estimation
matrix in DSPE algorithm.

Definition: Consider two i.i.d. SαS random variables X and Y
corresponding to 1 < α ≤ 2, the GCO-based estimation matrix
by employing the exponential kernel is defined by

Rc = E
[
κσ

(
|X | − µX

)
κσ

(
|Y | − µY

)
XY

]
= E

[
exp

(
−

��|X | − µX

��
2σ2

1

)
exp

(
−

��|Y | − µY

��
2σ2

2

)
XY

]
(32)

We find that two exponential multipliers

ω1 = exp
[
−
��|X | − µX

�� /(2σ2
1

)]
(33a)

ω2 = exp
[
−
��|Y | − µY

�� /(2σ2
2

)]
(33b)

are involved in correlation function. Eq. (32) can be rewritten
in a compact form:

Rc = E

{[
exp

(
−

��|X | − µX

��
2σ2

1

)
X

]
·

[
exp

(
−

��|Y | − µY

��
2σ2

2

)
Y

]}
(34)

is bounded.

From the view of data processing, multipliers ω1 and ω2
can be seen as “preprocessing” for random variables X and Y ,
respectively. By the weighting processing, the impulsive noises
are effectively eliminated.

D. Adaptive kernel size function

Correntropy behaves as a ‘robust statistics’ like the M-
estimator. Further, in 2D space, the correntropy induced metric
(CIM) that is defined by CIM(X,Y ) =

√
κσ(0) − Vσ(X,Y ) is

induced from the correntropy. Apparently, due to the inhomo-
geneity of CIM, it can induce multiple norms. If the points
are close, CIM behaves like the 2-norm; if the points get
further apart, CIM behaves like to the 1-norm; and if the
points are far apart, CIM behaves like the 0-norm, that is to
say, the correntropy is a robust measure of local similarity.
Another important observation is that the kernel size can
completely control the size of CIM under the impulsive noise
environments [38].

From the perspective of central DOA estimation accu-
racy, if kernel size is smaller, overfull noise components
are suppressed, which cases signal subspace is extended into
noise subspace, the orthogonality of noise subspace and signal
subspace cannot be guaranteed; further, if the kernel size is
large, some impulsive noises are remained in the outputs after
preprocessing by GCO operator, which will destroy the semi-
positive definite property of the covariance matrix.

Based on these analyses, we define an adaptive kernel
size function according to the following criteria: 1) the kernel
size is positive and has the upper and lower bounds; 2) the
kernel size is monotonic with changes of impulsive noise,
which ensures that both the signal and noise subspaces are
entirely preserved. In [21] and [40], some kernel sizes are
defined, however, obtaining these kernel sizes require some
prior knowledge that is not easy to be getting in practical
applications. Thus, we address to define an adaptive kernel
size function, which depends only on the received data of the
sensor array and can achieve the best performance of central
DOA estimation.

1. Definition

Since the array outputs x(t), which is contaminated by
noises, are the only data we can handle with, we defined an
adaptive kernel size function by

σ =
π

1 + exp (−H)
(35)
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and we expand the local entropy of information theory [40–
42], in Eq. (35), H is defined by:

H = −
N∑
i=1

M∑
j=1

pi, j log(pi, j) (36)

where

pi, j =
|xi (t)|∑N

i

∑M
j |xi (t)|

=
|xi(t)|
`1 [x(t)]

(37)

in which, `1[·] denotes the `1-norm. It is easy to find that
Eq.(35) only involves receiving data of sensor array but not
using any empirical parameter or prior knowledge; therefore,
the adaptive kernel function is suitable for practical scenarios,
particularly.

2. Properties

Some important properties of the adaptive kernel size
function are presented next. These are obtained after straight-
forward derivations and will, therefore, not be proved here.

P1: The adaptive kernel function and its inverse function are
monotonic.

P2: The adaptive kernel function is positive and bounded:
π/2 ≤ σ < π. It reaches its minimum if and only if
H = 0.

P3: The adaptive kernel function is differentiable, real-valued
function, which is defined for all real-valued inputs and
has a non-negative derivative at each point.

The comparison experiments between fixed and adaptive
kernel sizes will be involved in Section IV-A.

E. Subspace methods under GCO framework

In this section, a novel GCO-based impulsive noise sup-
pression algorithm that can be employed with DSPE is pro-
posed to achieve the estimation of the central DOAs.

Let C be an M ×M estimation matrix, its (i, j)-th entry Ci j

is defined by

Ci j = E

[
exp

(
−

��|xi | − µxi ��
2σ2

1

)
xi exp

(
−
||xj∗ | − µx j |

2σ2
2

)
xj∗

]
(38)

where xi and xj are the i-th and j-th components of the vector
x(t), respectively.

We extend the DSPE algorithm from the Gaussian distri-
bution noise to the SαS distribution noise environments by
applying GCO operator, and this algorithm is named as GCO-
DSPE. The implementation steps are shown in Algorithm 1.

IV. SIMULATIONS

In our simulations, consider that two independent quadra-
ture phase-shift keying (QPSK) CD sources impinge on a ULA
with M = 8 sensors. The underlying noises are modeled as an
additive complex isotropic SαS distribution with 1 ≤ α ≤ 2.
However, since there is no finite variance in the alpha-stable

Algorithm 1 GCO-DSPE
Input: Observation data
Output: Central DOA estimation
1: Compute the adaptive kernel function σ based on Eq. (35);
2: Construct the M ×M estimation matrix Ĉ;

Ĉi j =
1
N

N∑
t=1

[
exp

(
−

��|xi (t) | − µxi ��
2σ2

1

)
xi

× exp

(
−
||x∗j (t) | − µx j |

2σ2
2

)
x∗j (t)

] (39)

3: Apply SVD to Ĉ, and obtain the M×(M−L) noise subspace
Û = [uL+1, uL+2, · · · , uM] that corresponds the smallest M−
L singular values of Ĉ;

4: Construct the spatial spectrum function PGCO (θ) of GCO-
DSPE based on Eq. (16);

5: Search the L local peaks of PGCO (θ) and estimate central
DOA of CD sources.

family with 1 ≤ α < 2, we utilized the generalized signal-to-
noise ratio (GSNR) to evaluate the rate of the signal power
over noise dispersion by

GSNR = 10 log
E

[
|s(t)|2

]
γ

(40)

in which γ is the dispersion parameter that is defined in Eq.
(1).

In order to evaluate the performance of the algorithms, we
use the following two criteria: (1) the probability of resolution;
(2) the root mean square error (RMSE). When the following
criterion is held, we define that two sources can be successfully
resolved.

∆(θ1, θ2) = r(θe) −
[r(θ1) + r(θ2)]

2
> 0 (41)

where θ1 and θ2 are the arrival angles of the two sources and
θe = (1/2)(θ1 + θ2). r(θ) denotes the reciprocal of the spatial
spectrum P(θ). The probability of resolution is defined as the
ratio of the number of successful runs to the total number of
Monte Carlo runs, and the RMSE of those successful runs is
defined by

RMSE =
1
2


√√√√

1
Q

Q∑
q=1

(
θ̂1(q) − θ1

)2
+

√√√√
1
Q

Q∑
q=1
(θ̂2(q) − θ2)

2


(42)
where Q is the number of the successful runs and θ̂1 and θ̂2
are the successful estimation of θ2 and θ2, respectively.

In these experiments, we execute 300 Monte Carlo runs
to evaluate the probability of resolution and RMSE of the
central DOA estimation. We examine the performance of the
algorithms as the functions of several parameters, namely,
the kernel size, the characteristic exponent α, the GSNR, the
number of snapshots, respectively.

In addition to conventional DSPE, we also apply the im-
pulsive noise suppression algorithms, i.e., FLOM, PFLOM and
CRCO, on the signal model of CD sources and compare them

6
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Fig. 2: Kernel size analysis: (a) Probability of resolution;
(b) Root mean square error.

with the GCO-DSPE. The directions of the two impinging CD
sources θ1 = 5◦ and θ2 = 15◦ are uncorrelated with each other
unless otherwise specified. Angular spread parameter ∆ = 2◦
is identical for the two impinging CD sources.

A. Kernel size analysis

In this simulation, we analyze the influence of dif-
ferent kernel sizes on the accuracy of central DOA
estimation. In Fig. 2, the kernel sizes are chosen as
{0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0}. Further, we also
compare the adaptive kernel size in this section. As can be
seen from Fig. 2, when kernel size σ = 0.5, the probability
of resolution and RMSE are the worst of the various kernel
sizes. With fixing σ = 1.5 as a reference, whether kernel size is
reduced or increased, the performance of central DOA estima-
tion will decrease. When the kernel size becomes smaller, the
performance of DOA estimation declines faster. However, both
the RMSE and probability of resolution, the adaptive kernel
size achieves the best performance.
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Fig. 3: Performance comparison of the algorithms as a
function of the GSNR at α = 1.5: (a) Probability of
resolution; (b) Root mean square error.

B. The effect of the GSNR

In this section, Fig. 3 and Fig. 4 illustrate the performance
comparison of the algorithms with respect to the GSNR of
the two impinging CD sources. The number of snapshots is
fixed to 500. In Fig. 3, the additive impulsive noise is modeled
as the SαS distribution with the characteristic exponent α =
1.5. We can find that with increasing GSNR, the performance
of involved algorithms is improved. Further, the CRCO and
proposed algorithms are superiors to the FLOM, PFLOM and
conventional DSPE. For low GSNR, the GCO-DSPE has the
highest success probability than others. Compared with other
algorithms, RMSE of GCO-DSPE is the smallest.

A very highly impulsive noise condition with α = 1.1
is used in this experiment, and we present the central DOA
estimation in Fig. 4. As the characteristic exponent α decreases
from 1.5 to 1.1, the impulsive components in the noise increase
significantly, which leads to a reduction in the performance of
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Fig. 4: Performance comparison of the algorithms as a
function of the GSNR at α = 1.1: (a) Probability of
resolution; (b) Root mean square error.

all algorithms. When the GSNR increases, the performance
of the conventional DSPE, FLOM and PFLOM is slow to
improve. However, the performance of the GCO-DSPE is still
the best.

C. The effect of the characteristic exponent α

In the experiment, the performance comparison of the al-
gorithms with different characteristic exponent α, which varies
from extremely strong impulsive conditions with α = 1.0
(Cauchy noise) to impulsive-free conditions with α = 2.0
(Gaussian noise), are displayed in Fig. 5. In order to directly
compare the performance of different central DOA estimation
algorithms, the GSNR is set to 8 dB and the number of
snapshots is N = 500.

As expected, when the characteristic exponent α is reduced
from 2.0 to 1.0, the performance of all algorithms decreases.
From Fig. 5(a) we can find that the change in the characteristic
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Fig. 5: Performance comparison of the algorithms as a
function of the characteristic exponent: (a) Probability of
resolution; (b) Root mean square error.

exponent α has little influence on the probability of resolution
the GCO-DSPE. Another interesting observation is that the
probability of resolution of the GCO-DSPE is always equal to
1 along with the characteristic exponent α varies from 1 to
2. As shown in Fig. 5(b), when the characteristic exponent α
is greater than 1.1, its change has little effect on the RMSE
of the GCO-DSPE, which indicates that the GCO-DSPE is
highly robust to changes in the characteristic exponent α.
The simulation results show that the GCO-DSPE has better
performance than other algorithms under very highly impulsive
noise environments.

D. The effect of the number of snapshots

The effect of the number of snapshots on the performance
of central DOA estimation is studied in this section, involving
the probability of resolution and RMSE. The GSNR is kept
almost at 8 dB. The characteristic exponent α is set to 1.5

8
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Fig. 6: Performance comparison of the algorithms as a
function of the number of snapshots: (a) Probability of
resolution; (b) Root mean square error.

corresponding to the impulsive noise. It can be observed from
Fig. 6(a) that although the CRCO and PFLOM are superior
to the FLOM and conventional DSPE algorithms, however,
the GCO-DSPE superiors to others concerning the probability
of resolution. The performance of conventional DSPE is very
poor.

Fig. 6(b) illustrates that with the number of snapshots
increasing from 100 to 1000, the RMSEs decrease, however,
the magnitude of the decrease is not obvious. That is to say,
under the condition that the probability of impulsive noise is
determined, increasing the information quantity is not obvious
for improving the robustness of these algorithms.

V. CONCLUSIONS

Inspired by Hampel identifier, we have presented a novel
operator referred to as the GCO for central DOA estimation
of CD sources in the impulsive noise conditions. In order

to make the proposed algorithm more suitable for the real
scenarios, we also deduce an adaptive kernel size function,
which only involves received data from the sensor array but
not relying on any empirical parameter or prior knowledge.
The GCO-based estimation matrix is formulated and applied
with DSPE to obtain central DOA estimation. Comprehensive
simulations verify the advantage of GCO-DSPE over other
impulsive noise suppression algorithms, i.e. CRCO, FLOM
and PFLOM, for central DOA estimation of CD sources in
quite highly impulsive noises and very low GSNR situations.
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